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1 Introduction

This lecture introduces the model of Aghion and Howitt (1992), in which
long-run growth arises from quality improvements in intermediate goods.

Conceptually, quality improvement and the variety expansion mechanism
developed by Romer (1990) are closely related approaches to technological
progress. In both frameworks, growth is driven by monopoly rents associated
with successful innovation.

Aghion and Howitt (1992), however, emphasized a distinctive feature of
their framework: innovation takes the form of creative destruction, whereby
new entrants displace incumbent monopolists. For this reason, they explic-
itly framed their approach as a® Schumpeterian” growth model. While
the underlying economic forces share important similarities with the variety-
expansion model, the Schumpeterian framework highlights firm turnover and
the dynamic replacement of rents more explicitly.

Grossman and Helpman (1991) provided an early and influential syn-
thesis, developing both variety-expansion and quality-ladder models within
a unified general equilibrium framework and linking innovation to interna-
tional trade. Although quality-ladder models were developed contemporane-
ously by Grossman and Helpman (1991) and Aghion and Howitt (1992), the
latter * s Schumpeterian terminology subsequently became standard in the
literature.

Over time, the Schumpeterian quality-ladder approach has become a
dominant paradigm in the modern growth literature. One reason is that
it naturally incorporates creative destruction, firm turnover, and innovation
races—features that align closely with empirical evidence on firm dynamics
and productivity growth. Moreover, the framework connects growth theory



to industrial organization, competition policy, and patent protection in a
tractable way.!

he Schumpeterian framework has also provided the foundation for a large
quantitative and empirical literature. Klette and Kortum (2004) and Lentz
and Mortensen (2008) integrate quality-ladder models with firm dynamics,
allowing innovation, entry, and growth to be studied in a unified framework.
Aghion et al. (2005) highlight the“ escape competition” effect, linking
market structure to innovation incentives. More recently, Akcigit and Kerr
(2018) incorporate innovation networks and knowledge spillovers into Schum-
peterian growth models using firm-level data.

Together, these contributions illustrate how the creative-destruction paradigm
has evolved into a central framework for analyzing innovation, competition,
and long-run growth in modern macroeconomics.

While alternative mechanisms of innovation remain important, much of
the contemporary empirical literature adopts a Schumpeterian structure as
its organizing framework.

This paper is presented as follows. Section 2 develops the model. Section
3 presents the derivation of the steady state of the model and explains the
properties obtained from the model. In section 4, capital accumulation is
introduced. Section 5 concludes the paper.

2 Basic Model

The model of this study consists of a household with the spirit of capitalism
and a production sector with endogenous technological progress. The time
is continuous, and the final goods are used as a numeraire.

2.1 Schumpeter Economy

The Schumpeter economy is the one where innovation is undertaken. This
study adopts an Aghion and Howitt (1992)-type R&D structure, and follows
the Romer (1990) production structure in that final goods are produced using
a continuum of intermediate goods. The economy consists of three sectors:
final goods production, intermediate goods production, and R&D.

!See Aghion and Howitt (1998) and Aghion, Akcigit, and Howitt (2014) for compre-
hensive treatments of the Schumpeterian growth framework.



Labor is the only primary factor of production and is supplied inelastically
by the population. It is allocated between final goods production and R&D
activities:
L=Ly+ Lyu.

Final output is used either for consumption or for the production of inter-
mediate goods:
Y=C+7

Each intermediate good is indexed by ¢ € (0, N). N is fixed and sufficiently
large. Each sector features a vertical quality ladder along which innovations
occur.

In sector 7, quality levels are indexed by m; = 1,2,--- , M;, with corre-
sponding quality levels X\, A2, .., AMi_ where A\ > 1 denotes the step size of
innovation.

The current frontier quality in sector ¢ is ¢(i) = AM;. Since quality-
adjusted intermediate goods within a sector are perfect substitutes, only the
highest-quality good is produced in equilibrium.

We assume constant returns to scale and no complementarity across in-
termediate goods. Letting z(i) denote demand for the highest-quality inter-
mediate good in sector i, final output is given by

N
y Lly—a/ (q()e(i)}°di, 0<a<1, (1)
0
where Ly is the labor supply allocated to final goods production.

The first order condition (FOC) of production is obtained as

oY : oY
207 = p(i), and Ly

Wy, (2)

where p(i) and wy are the price of the ith intermediate goods of the highest
quality and wage rate offered in the final goods production sector, respec-
tively.

R&D firms facilitate technological progress; they create a design that is
one grade higher in terms of quality than a incumbent highest quality design.
The R&D activities of the firms take place at the beginning of each period,
and the results are immediately evident. A successful research firm retains
exclusive rights for the new higher quality intermediate goods. This exclusive
right is referred to as a ”patent.”



In this study, one unit of intermediate goods is produced by 1 units of final
goods. Hence, the firm that produces the ith intermediate good maximizes
the profit such that

(i) = p(1)x(i) — na(i). (3)

The monopolist firm that holds the patent for the current high quality
good maximizes its profit by considering price as a control variable. There-
fore, the FOC of the monopoly firm in the ith sector with quality M; yields
the following;:

O e R N U (@)

With regard to monopolistic pricing, we have the following three conditions.
First, each unit of the highest quality good is equivalent to A(> 1) units
of the good with the next best quality. Second, a good that is one grade
lower than the highest quality good is supplied at marginal cost 1 because
the patent for this quality grade expires. Third, the different quality grades
are perfect substitutes if they are weighted by the quality level. Based on the
above conditions, it follows that p(i) < An is necessary for the firm to create
the highest quality good to monopolize the demand for that good. Therefore,
a combination of (4) and p(i) < An indicates that (4) is the optimal condition
under the assumption that 1/a < A. The following discussion is developed
such that it satisfies the present assumption.? Thus, only the highest quality
goods are supplied.
The aggregate index of quality is defined as

Q= /0 " g(i) i (5)

Substituting (4) into (1) and using (5) to rearrange the same, we obtain the
aggregate output Y as
2 e
Y =at-en o LyQ. (6)

Thus, the final goods production growth rate is the linear addition of the
growth rates of labor supply and quality index. We also note the interme-
diate goods input of final goods, which is denoted by X and obtained by

2This assumption implies that the width of one innovation is sufficiently large. If
1/a < A, the optimal pricing is given as p(i) = An. This pricing does not alter the main
framework of the model; therefore, we assume 1/a < A throughout this study.
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aggregating (4) across sectors and using

N
7= 77/0 2(i)di = aTan T8 LyQ(= aY). (7)

Substituting (7) and (6) into the final goods resource constraint equation
Y = C + Z, we obtain the aggregate consumption as

C=(1-a*)Y =(1- oz2)al%nfﬁl/y Q. (8)

Thus, the allocation between consumption C' and intermediate input Z is
fixed in this basic model. We do not make this assumption in the latter part
of this study.

By using (3) and (4), the profit of the monopoly firm of the ith sector
with a patent for goods of quality M; is obtained as follows:

(i) — <1 - 1) na(i)

(0%

= (1-a)ar e Lyq(i)T (9)
_ (é _ 1) gq(i)l“a.

2.2 R&D Activities

The specification adopted here follows this line by making R&D success de-
pend both on relative R&D effort and on relative quality position, thereby
combining frontier-based innovation incentives with a difficulty-based mech-
anism that ensures scale-neutral long-run growth.

It is presumed that R&D activities for the purpose of innovating higher
quality levels are conducted using labor, and the success of R&D stochasti-
cally depends on the labor input. With regard to the behavior of the R&D
firm and aggregate quality index, we basically follow Barro and Sala-i-Martin
(1995 Ch7).

When innovation occurs in a sector, the probability that firm j in that
sector will be granted a patent is assumed to be proportional to its share of
the R&D input in the ith sector (that is, L4(i)’/La(i), where La(i)? and
L A(7) represent the R&D input for the ith sector by firm j and the aggregate
R&D input for the ith sector, respectively).



Therefore, from the above assumptions, it is shown that the profit for

sector ¢ of R&D firm j is
: \
grj%))(] %U(i) —wala(i).

where w, is the wage rate offered in the R&D sector and v(i) is the ith
goods innovation’s expected current value of profit. The presence or absence
of investment in R&D activities is determined as follows. If %v(z) <
waLa(i)? holds, R&D is not profitable. Consequently, the R&D input stops
and equilibrium is attained without R&D; therefore the probability of R&D
success is 0, that is, La(i) = 0 and u(i) = 0. In the case of no R&D,
the quality of the intermediate goods would remain constant over time. If
"fi—g;gv(z) = waL(i)?, a positive amount of labor would be devoted to R&D
activities and the market would be in equilibrium. Furthermore, no arbitrage
on labor market leads to w = max{wy,wa}. Therefore, in equilibrium,
w = wy = wy must hold if R&D takes place, and w = wy > w4 must hold

if there is no R&D. The above points can be summarized as follows:
p(i)v(i) = wLa(i), for La(i) > 0. (10)

Thus, if R&D has a zero probability, it holds with L4 (i) = 0 and u(i) = 0.
The case of (10) presents endogenous growth with a positive economic growth
rate, and the case with L4 (i) = 0 and u(i) = 0 does exogenous growth with
no-growth or poverty traps.

Substituting w in (2) into the equation in (10) yields

l—aY
( ) M(Z) LY Y( ) ( )

First, we assume that the former case depicts a steady state with positive
long-run growth. Under this assumption, the time differentiation of (10) is
calculated as

rv(i) = w(i) + (i) — p(i")v(i), or equivalently
) = 7T_Z) . 12
(i) = S5+ o, (12
where (i) denotes the R&D success probability of this sector with one step
higher quality.



Substituting (9) and (11) into (12), we obtain

p@) (2 =1) Za()™s o3
(- Lla) o) (13)

r+u(it) =

We assume that the 7th sector’s innovation success is determined by two

relative factors: relative R&D labor input share L,(i)/L and ith sector’s

relative quality rank ¢(7)/Q. The former has a positive effect and the latter

negative. We further assume that these two effects are linearly related on the

Poisson arrival rate of innovation success. Thus, it is specified as follows:?
QLA(4)

>:£q(i)TaL’ §>0. (14)

We assume symmetric equilibrium across intermediate goods sectors. Us-
ing % = n in a steady state, which can be obtained from (9) and (14), (13)
in a steady state is produced as

,uz%l—kn—r, (15)

where [ = Ly /L is the rate of labor division on final goods production.
(14) and (15) yields

La(i) = q(i)™s L {E

e —l+n—r] (16)

a
Aggregating (16) about 7 yields the aggregate R&D spending, denoted by
Ly, as

LA:(l—l)L:/ONLA(z')dz’:L[él—rgn}. (17)

3L and @ are respectively the quantitative and qualitative indices as shown by the final
goods production in (6), where the linear relationship between population and quality,
and GDP can be obtained. Therefore, (14) implies that R&D success depends on positive
aggregate quality level and private R&D input, and a negative economic quantitative scale
and private quality level. Modern Schumpeterian growth models typically eliminate scale
effects through difficulty-based specifications, in which innovation becomes progressively
harder as sectors approach the technological frontier (see, e.g., Segerstrom, 1998). At the

same time, recent contributions emphasize step-by-step innovation and the role of relative
distance to the frontier in shaping innovation incentives (Aghion et al., 2005). In our
setting, the property that p depends on q(i)% follows Aghion et al., (2005), and the

property that p depends on LAT(Z) stems from yje concept proposed by Segerstrom (1988).
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Hence, L, is proportional to L for a given variable r. (17) immediately yields
the relationship between r and [ as follows:

1 1 r—mn
r—n:{(a—i-l)l—l}g, or lzl—l——a(§ +a). (18)

Uniting (15) and (18), we obtain the following equilibrium yu as a function of
l;

n=E(1-1). (19)

Thus, the innovation probability of the economy demonstrates a linearity
relationship against the rate of labor input on R&D activity.

3 Long-run Growth and its Properties

3.1 Conditions of Steady state by production

From the dynamics of @ defined in (5), the increment of the ith sector’s
innovation R(7) = q(i*)Ta —q(i) 7= is calculated as R(i) = q(i)T-a (A\T-a —1).
Therefore, the aggregate dynamics of ) are

B(Q) = | Rliydi = pxs = 1)Q (20)

From (19) and (20), the dynamics of ) as a function of [ are derived as
follows:

9o = p(ATE —1) = E(1 = DA, (21)

where A = A7a —1 > 0 and gz = Z/Z. Since DA /O > 0, A is the parameter
that immediately captures the scale of one innovation.
From (10) and (14), the aggregate market value of R&D firms V' is cal-

culated as
B NM, . NwLA(z')Z,:(l—a)Y
v = [ 2

where we use w = (1 — «)Y/(IL) for this derivation. Since we assume sym-

metric equilibrium for the household, and only the asset of this economy is
the equity of R&D firms, the per capita asset holding A is denoted as
V. (1-a)y



Substitution of y from (6) into (23) yields

]_ - 2a 1
v = aaﬂnfﬁQ. (24)
£
This equation implies
9o = 9 = §(1 = DA. (25)

3.2 Household

To close the model, we need the household. We assume a normally-utilized
dynasty household with the utility

U= /OO u(c) e Pdt, (26)

where p and u(c) are the subjective discount rate, and an instantaneous util-
ity function of the representative household, respectively. The representative
household has the following budget constraint:

a=ra+w—c—na, (27)

where a, 7 and w are per capita asset holdings, the interest rate and wage
rate, respectively. n is a population growth rate that is assumed to be non-
negative throughout the study.

We specify the instantaneous utility function as follows

u(c) = —— 28
()= (28)

Under this specification, the optimizing condition for the consumption
growth rate is derived as

¢

o- =1 —n. (29)

C

3.3 Derivatoin of Steady states

This equation implies that asset holding in the economy is proportionally
related to the technological level, and it grows at the same rate as the quality
index. (8) implies that the per capita consumption ¢ = C/L grows at the
same rate as the quality index. Thus, the steady state, wherein all variables
grow at constant rates and the Euler equation (29) is satisfied, can exist.
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Taking C' = c¢L into account, the time differential on (8) and (23) provides
the following steady state growth rate:
ge =gy =N =gy =ga=gq (30)
Substituting (8), (23) and (30) into (29), we obtain

ogo =T —"n—p. (31)

Eliminating » — n by using (18), (21), and (31), we can analytically obtain

the equilibrium division of labor to production,
, egtl4oA

G+1)

From (21) and (??)Thus, we have the following Proposition:

(32)

Proposition 1 (Long-run growth) The growth rate of the steady states
s given as follows:

L1+8(1+a)— £
(L+1)+8(1+a)+0A

'

,LL*

* *

9y = 9q

(33)

Proof) From (21), (30), and (32), we obtain (33) (Q.E.D.).

Equation (33) implies that a higher efficiency of R&D, ¢ and A, and a
lower subjective discount rate, p, accelerate the growth rate. These properties
are basically shared with the usual R&D-based growth model.

Condition for long-run positive endogenous growth We have as-
sumed the positive profitability of R&D, namely holding equality with (10).
[ € (0,1) is necessary for the steady state obtained above to be a feasible
equilibrium that is consistent with the positive R&D investment. It should
be noted that (32) ensure [* > 0, which implies labor allocation on final
goods prodction can not be too large to run off the upper bound of /, namely
l=1.

Since (32) shows that [* > 0 constantly holds, the restriction is eventually
determined to be [* < 1, which yields

§ > ap. (34)

Namely, we have followsing Proposition:
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Proposition II (No growth trap) If an economy has low RED effi-
ciency, and is necessary for positive endogenous growth.

Proof) For the positive growth, condition {* € (0, 1) is necessary. [* > 0
is trivial, and {* < 0 is given in (34) (Q.E.D.).

This property is also standardly shared by the R&D-based growth model.
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